In this paper, torus actions on some particular non-singular hypersurfaces in non-singular projective toric varieties are studied. The generalised Buchstaber-Ray varieties BR i , j ⊂ BF i ×P j , i , j 0, are introduced. The monodromy on weight graphs is studied. As an application, the full list of toric varieties among hypersurfaces BR i , j , R i , j , i , j 0 is given. In particular, R 2,2 and BR 3,2 have complexity 1, have 2-dependent weights at fixed points and have smooth strata of 1-dimensional orbits. The automorphism group Aut H i , j is computed for the Milnor hypersurface H i , j ⊂ P i × P j . As a corollary, any effective action of (S 1 ) k on the Milnor hypersurface H i , j preserving the natural complex structure has k max {i , j }.
INTRODUCTION
In [24] , N. Ray introduced the stably complex submanifolds in the Cartesian product of two bounded flag manifolds BF i × BF j . By the definition, such a submanifold is the dualisation ( [25] ) of the linear vector bundle β i ⊗ β ′ j in BF i × BF j equipped with the particular non-standard stably complex structure. These submanifolds served as a family of additive generators in the complex bordism ring Ω U * of a point. It was shown in [24] , that these manifolds share the TTS-and TNS-properties. By the definition, these properties are the splitting of the stably tangential and stably normal vector bundles into the sums of complex linear vector bundles, resp.
In [22] , it was observed that the dualisation of β i ⊗ β ′ j in BF i × BF j is a smooth complex hypersurface in BF i × BF j . We denote such a hypersurface by R i,j . In a similar fashion to the above manifolds, R i,j are TTS-and TNSmanifolds and constitute a family of additive generators of the ring Ω U * . It remained unknown if R i,j are toric varieties. By the definition, a complex normal variety X n is called a toric variety if it admits an effective action of (C × ) n with a dense open orbit [12] . The importance of this question is due to the problem of representatives of the complex bordism ring Ω U * in the family of quasitoric TTS-and TNS-manifolds. This problem was completely solved in [22] , by constructing a family of toric TTS-and TNS-manifolds whose bordism classes additively generate the ring Ω U * . This construction is rather involved. On the other hand, if R i,j are toric varieties, then they form a family of toric TTS-and TNS-generators of Ω U * , which is simpler to describe. In [3] , the Buchstaber-Ray varieties BR i,j were introduced for 0 i j . The hypersurface BR i,j is the dualisation of β i ⊗ η ′ over BF i × P j , 0 i j , where P j denotes the j -dimensional complex projective space. These varieties are toric TTS-generators of Ω U * . In [5] , the diamond sum operation was introduced, in order to replace a disjoint union of two quasitoric manifolds (in sense of [9] ) by a complex bordant quasitoric manifold. As a corollary ( [5] ), in any class x ∈ Ω U 2n a quasitoric representative was constructed from the Buchstaber-Ray varieties, n > 1. There is no difference of considering algebraic automorphisms and biholomorphic transformations on a complete complex nonsingular variety. Therefore, algebraic geometry methods may be applied to study maximal tori in such groups. An important assumption is that the group of automorphisms Aut X of the underlying variety X is algebraic. In this case, all maximal tori are conjugate in Aut X. Due to that reason, a particular effective (C × ) kaction on a given variety X n gives information about all maximal torus actions on X n . Finally, any smooth action of a compact torus (S 1 ) k on a complete non-singular complex variety X n preserving the complex structure extends (by exponential map) to the action of an algebraic torus (C × ) k on X n . For example, the group Aut G 2 (C n+2 ) is algebraic and has rank n + 1 ( [7] ), which strengthens the S. Kuroki's result [21] on maximality of a natural action of (S 1 ) n+1 : G 2 (C n+2 ) preserving complex structure.
The existence of a maximal effective (C × ) k -action on a given non-singular projective variety X n may be studied by different means. First, in case of k = n the homogeneous ideal of any closed immersion of a toric variety X n → P N is binomial ( [26] ). Secondly, if rk Aut X < k, then there is no effective (C × ) k -action on X. Third method is the The publication has been prepared with the support of the "RUDN University Program 5-100" and by the grant of "Young mathematics of Russia" foundation. estimate on the dimension of a torus extending a given GKM-action, based upon application of GKM-theory [21] . Finally, we mention the theory of Cox rings which reduces the study of automorphisms of varieties to study of automorphisms of graded factorial algebras. In this paper, we apply the second and third methods to study torus actions on non-singular projective varieties H i,j , BR i,j and R i,j .
Remind that the foundations of GKM-theory were built in the work of [13] , in order to compute the equivariant cohomology ring of a wide family of smooth (S 1 ) k -manifolds called GKM-manifolds. This theory was developed and generalised in [16] , [2] , [15] , etc. A (n, k)-GKM graph Γ = (V(Γ), E(Γ)) is by definition an n-valent graph without loops, equipped with an axial function α which takes any oriented edge e ∈ E(Γ) to a label α(e) ∈ Z k . The axial function satisfies α(e) = −α(e) and dim Z〈α(e)| e ∈ E v (Γ)〉 = k for any v ∈ V(Γ), where E v (Γ) is the set of all edges in Γ coming from v and Z〈S〉 is the Z-span of elements of a subset S of an abelian group. Additionally, the weights at any vertex of Γ are pairwise linearly independent (2-linearly independent). If one does not require the last condition, (Γ, α) is called the (n, k)-weight graph. One of key ideas in GKM-theory is to consider the closure of 1-dimesional orbits of the action as the GKM-graph Γ endowed with axial function α on its edges, and to extract topological information about the GKM-action from this data. The labels on its edges E(Γ) (2-dimensional invariant spheres) are the weights of the torus action at fixed points V(Γ) (fixed points). Another notion coming along with a GKMgraph (Γ, α) is a connection ∇ on it. By definition, ∇ is a family of bijective maps ∇ e : E i(e) (Γ) → E t (e) (Γ) satisfying several natural conditions (for example, see Subsection 6.1), where i (e), t (e) are the origin and the end of an edge e ∈ E(Γ). A GKM-manifold defines a connection on the respective GKM-graph. However, there is no canonical choice of this connection. S. Kuroki in [21] proved the upper estimate on the dimension of any torus extending a given GKM-action on a given GKM-manifold. This estimate is the rank of the abelian group A(Γ,α,∇) of axial functions, defined by means of the respective GKM-graph (Γ, α) with a connection ∇. This is the subgroup of the (free abelian) group of edge functions, taking a vertex v ∈ V(Γ) to a formal Z-linear combination of outward edges E v (Γ). We also remark that the upper estimate of the dimension of a torus (S 1 ) k acting effectively on a differentiable manifold M 2n with isolated fixed points is n by the differential slice theorem.
We study the geometry of R i,j by means of blow-ups along subvarieties. One has an isomorphism R i,j ≃ R j ,i . First, we observe that the variety R i,j is obtained by a sequence of j − 1 blow-ups along strict transforms of the varieties BR i,j −k−1 ⊂ BR i,j , where k = 1, . . . , j − 1, and i , j 1. Here we define BR i,j for i , j 0 as the dualisation of the vector bundle β i ⊗ η ′ in BF i × P j . We call BR i,j the generalised Buchstaber-Ray varieties. Second, we describe R i,j as the blow-up of BF i−1 × BF j along
(or similarly as the blow-up of BF i × BF j −1 along R i−1,j −1 ), i , j 1. In this way, R i,j is an example of flip. We also give two similar blow-up descriptions for generalised Buchstaber-Ray varieties BR i,j , i , j 1.
A multiple blow-up description of the hypersurfaces BR i,j and R i,j allows to show that the cohomology morphisms induced by the respective inclusion maps to BF i × P j and P i × P j , resp., are epimorphic. This observation leads to the computation of the cohomology rings of BR i,j and R i,j . The obtained expressions for H * (BR i,j ; Z), H * (R i,j ; Z) are in terms of the known cohomology rings of the ambient varieties BF i × P j , BF i × BF j and their quotients by the annihilator ideals of the elements c 1 
, resp. In particular, these rings are quotients of polynomial rings generated by degree 2 elements (Theorem 4.11). On the other hand, the single blow-up description allows to compute the Betti numbers of BR i,j and R i,j using the Hodge-Deligne polynomial (Proposition 4.15) . Remind that one can prove that the Milnor hypersurface H i,j ⊂ P i × P j is not toric for i , j 2 by examining the respective cohomology ring ( [6] ). However, the cohomology rings of BR i,j and R i,j seem to be computationally too complicated for mimicking this method.
It was claimed in a series of papers ([16, p.540], [15, p.2106, Prop. 1.1], etc.) that for an effective action of (S 1 ) k with isolated fixed points on a compact complex manifold X n the set of 1-dimensional orbits is a smooth manifold iff the weights of the action at fixed points are 2-linearly independent. However, we show that the varieties BR 3,2 and R 2,2 have 2-dependent weights and have smooth strata of 1-dimensional orbits. Moreover, it seems that the condition of 2-linear independence on the axial function is excessive in the Kuroki's proofs in [21] . Therefore, we use the notion of a weight graph in our paper.
Let (Γ, α) be a weight graph corresponding to (C × ) k : X n . Any subtorus (C × ) r ⊆ (C × ) k acting on a variety X n defines the restriction α ′ of the axial function α on Γ. If (Γ, α ′ ) admits the unique connection, its properties are inherited from the connection on (Γ, α). As was mentioned before, a torus action does not define a connection on the weight graph uniquely, generally speaking. So we distinguish the so-called definite edges of (Γ, α), where the value of any connection is determined uniquely by (C × ) r -action on X n . By the definition, an edge e ∈ E(Γ) is definite iff the affine lines
in A r R are pairwise different. This condition generalises the well-known 3-linear independence condition on the α, yielding the uniqueness of a connection on the weight graph.
It seems that the description of the automorphism group Aut H i,j for the Milnor hypersurface H i,j is folklore. Our intention is only to provide the reader with the corresponding proof (unavailable in literature), see Theorem 5.5. This computation implies Theorem 1.1. Consider a maximal action of algebraic torus (C × ) k by biholomorphic transformations on H i,j . Then k = max {i , j }.
An example of maximal torus action on H i,j is given in Section 5. An important information of an action (C × ) k : X n is the set of connected valent invariant subgraphs (faces) of Γ under the connection ∇. For example, in case of k = n and a non-singular projective toric variety X n , any face of Γ corresponds to the edge graph of a face of the respective moment polytope of X n , and vice versa. In particular, any 3-valent invariant subgraph of Γ is planar. Another useful notion which we use is the monodromy map
defined for a vertex v ∈ V(Γ) and an edge loop γ = (e 1 , . . . , e q ) ⊆ Γ with origin i (γ) = v. It is easily seen that for any face Γ ′ ⊂ Γ, any exterior edge e ∈ E(Γ) \ E(Γ ′ ) and any edge loop γ ⊂ Γ ′ , i (γ) = i (e), the monodromy (w.r.t. ∇ and γ) acts identically on e. We generalise the notion of a face to the case of a connected subgraph of Γ with vertices of different valence (Definition 6.12). Next, we give a method to recognise an invariant subgraph if it has enough definite edges under the assumption on X being a toric variety (Theorem 6.23). We use these arguments in order to prove the following two therems. Theorem 1.2. BR i,j is a toric variety iff 0 i j or j = 0, 1. Theorem 1.3. R i,j is a toric variety iff min {i , j } = 0, 1.
In particular, Theorem 1.3 gives a complete (negative) answer to the question posed in [22] . We briefly outline the structure of this paper. Section 2 contains definitions of the varieties BR i,j and R i,j . Section 3 contains the blow-up descriptions of these varieties. In Section 4 the cohomology rings of BR i,j and R i,j are computed. Also in Section 4 we compute the Betti numbers of BR i,j and R i,j . Section 5 includes the necessary facts from algebraic group theory, as well as the computation of Aut H i,j and proof of Theorem 1.1. In Section 6 we remind some basic notions of GKM-theory, study the monodromy and definite edges in weight graphs. In Section 7 the proofs of Theorems 1.2 and 1.3 are given.
DEFINITIONS
In the following, we consider non-singular projective varieties over C (where a variety stands for a reduced irreducible scheme), compact complex manifolds (both denoted by X) and real differentiable C ∞ -smooth evendimensional manifolds (denoted by M). We indicate the complex dimension n of an algebraic variety/complex manifold X by writing X n . The real dimension 2n of a real differential smooth manifold M is indicated by writing M 2n . We consider topological complex vector bundles and algebraic sheaves. Whenever it is clear from context, the pullback of a vector bundle/sheaf is ommitted. For a Cartesian product X×Y of spaces and vector bundles/sheaves ξ → X, η → Y, the pull-backs under the natural projections X × Y → X, X × Y → Y are denoted by ξ, η ′ → X × Y, resp. 2.1. Generalised Buchstaber-Ray varieties BR i,j . Recall that the Milnor hypersurface H i,j is the smooth projective variety in P i × P j given by the equation
in the homogeneous coordinates ([z 0 : · · · : z i ], [w 0 : · · · : z j ]) of P i × P j . The Milnor hypersurface H i,j is isomorphic to the hypersurface H i,j ⊂ P i × P j given by the equation
We use both forms (1), (2) henceforward, depending on the convenience.
The Milnor hypersurface H i,j is the dualisation of the complex linear vector bundle η i ⊗ η ′ j over P i × CP j ( [25] ). Here η i and η ′ j are pull-backs of tautological line bundles over P i and P j w.r.t. the projection on the first and the second factors in the Cartesian product P i × P j , resp. The bar denotes the corresponding fiberwise complexconjugate vector bundle.
Recall that the bounded flag variety BF n is a non-singular projective toric variety of dimension n (see [4] , [22] ). Choose a basis e 0 , . . . , e n in C n+1 . Then BF n can be thought of as the set of tuples of lines (l 1 , . . . , l n ) in C n+1 s.t.
where C k := C〈e k 〉 is the line spanned by e k , and l 0 := C 0 , k = 1, . . . , n. It follows from the definition that (4) l k ⊂ C〈e 0 , . . . , e k 〉.
Thus, one has the embedding BF n ⊂ n k=1 P k endowing BF n with the tuple (z 1 , . . . , z n ) of homogeneous coordinates, where z k := [z k,0 : . . . , z k,k ] are the homogeneous coordinates of the line l k in (4) . The image of BF n in n k=1 P k is given by the conditions
These are quadratic equations given by the vanishing of all (2 × 2)-minors of the matrices (5) . By the definition, the linear vector bundle β k → BF n has the fiber l k over the point (l 1 , . . . , l n ) ∈ BF n . It is well-known that BR n is isomorphic to the subsequent blow-up of P n along strict transforms of the subvarieties {z 0 = · · · = z k = 0} ⊂ P n in any order, where k = 1, . . . , n − 1. On the other hand, BF n = P(β n−1 ⊕ C) → BF n−1 is the projective fiber bundle w.r.t. the forgetful map BF n → BF n−1 , (l 1 , . . . , l n ) → (l 1 , . . . , l n−1 ).
Here C denotes the trivial linear complex vector bundle over the respective base. Therefore, BF n is a Bott tower, i.e. it is obtained from the point by iterating the projectivisation of a sum of two linear bundles. The action of (C × ) n : BF n , given by the formula
has a dense open orbit. The varieties BR i,j , 0 i j , were introduced by V.M. Buchstaber and N. Ray in [3] . We generalise the definition of the Buchstaber-Ray varieties BR i,j to the case of arbitrary i , j 0. Definition 2.2. For any i , j 0 the (generalised) Buchstaber-Ray variety BR i,j is the hypersurface in in BF i × P j given by the equation
where [w 0 : · · · : w j ] are homogeneous coordinates on the second factor P j in BF i × P j .
The variety BR i,j is a non-singular projective toric variety [3] . It is the dualisation of the complex linear vector
Remark 2.3. If 0 i j , then BR i,j is isomorphic to the hypersurface in BF i × P j given by the equation
However, if i > j 0 then the form of the equation (7) is essential, see Remark 2.5.
Here is the definition of BR i,j in terms of geometry of bounded flag varieties. Endow C max{i,j }+1 with the natural hermitian metric s.t. the standard basis e 0 , . . . , e max{i,j } ∈ C max{i,j }+1 is orthonormal. Write the elements of BF i × P j as the tuples of lines l 1 , . . . , l i , l ′ of C max{i,j }+1 satisfying the conditions
where l 0 = C max{i,j }−i , 0 r < i . Then BR i,j is given in BF i ×P j by the (algebraic) condition l i ⊥ l ′ , i.e. the lines l i , l ′ are orthogonal in C max{i,j }+1 .
Varieties
Definition 2.4. For any 0 i , j , let R i,j be the hypersurface of BF i × BF j given by the equation
where (z 1 , . . . , z i ), (w 1 , . . . , w j ) are the tuples of homogeneous coordinates on BF i , BF j , resp. In particular, R 0,j =
Hence, there is the isomorphism
The form of the equations (7), (9) is essential. For instance, the hypersurface
is singular along the rational line {w 2,0 = w 2,1 = 0} ≃ P 1 . The reason for that is the non-transversal intersection of BR 1,2 ≃ {z 1,0 w 0 + z 1,1 w 1 = 0} ⊂ BF 1 × P 2 and {w 0 = w 1 = 0} in BF 1 × P 2 , due to the vanishing of the equation (11) . (This intersection is the centre of the blow-up of BR 1,2 yielding S ′ 1,2 .) Indeed, {w 2,0 = w 2,1 = 0} ∩ BR 1,2 has complex dimension 2 instead of 2 + 2 − 3 = 1 which is expected in the case of a transversal intersection. (See [22] .)
Here is the definition of R i,j in terms of geometry of bounded flag varieties. Write the elements of BF i × BF j as the tuples of lines l 1 , . . . , l i , l ′ 1 , . . . , l ′ j of C max{i,j }+1 satisfying the conditions (12)
3. BLOW-UP DESCRIPTIONS 3.1. Generalised Buchstaber-Ray varieties BR i,j . It is straight-forward to check the following
In particular, such intersections are transversal in P i × P j ;
(3) The variety BR i,j is a strict transform of H i,j under the sequence of consecutive blow-ups of strict transforms of subvarieties {z 0 = · · · = z k = 0} ⊂ P i × P j , where k = 1, . . . , i − 1. In particular, BR i,j is nonsingular and is obtained from H i,j by i − 1 blow-ups with non-singular centres.
Remark 3.2. By Proposition 3.1 and since H 2,2 is not a toric variety (see [6, Theorem 9.1.5]), the blow-up BR 2,2 → H 2,2 is an example of toric variety with invariant exceptional divisor which cannot be blown down in the category of non-singular projective toric varieties, however, it can be blown down in the category of non-singular projective varieties.
Let i , j 1. Let E ⊂ BF i × P j be the subvariety given by the algebraic conditions
Proof. The normal bundle of g is isomorphic to the pull-back of the normal bundle of a generic hyperplane in P j .
are global sections of the linear vector bundles
By the definition of bounded flag variety,
given by the equation
One readily identifies (14) with (7) by letting z i = [bs 1 : a] (see (12) ) and w j = −s 2 . This proves (i i ).
(i i i ) now follows from (i ) and (i i ).
Remark 3.4. The fiber of π over the point L = (l 1 , . . . ,
It is equivalent to the equation
in a, b, by letting z i = az i−1 + be max{i,j } for a, b ∈ C. Now we see that the equation (15) has the unique solution up to multiplication by scalars (i.e. the fiber at L is a point) iff L ∈ E. Otherwise, the fiber is isomorphic to P 1 , cf. (13).
3.2.
Varieties R i,j . We give the basic description of the varieties R i,j in terms of multiple blow-ups. It is easy to prove the following
(3) The variety R i,j is a strict transform of BR i,j under the sequence of consecutive blow-ups of strict transforms
In particular, R i,j is a non-singular projective variety obtained by j − 1 blow-ups with non-singular centres.
Consider R i,j ⊂ BF i × BF j and the subvariety D ⊂ R i,j given by the condition l i−1 ⊥ l ′ j −1 . It is straight-forward to prove the following
Denote by r i,j the natural inclusion map R i,j ⊂ BF i × BF j from Definition 2.4. Consider the projections
which are induced by omitting l i and l ′ j , resp. Consider the inclusions
whose images are given by the conditions l i = l i−1 and l ′ j = l ′ j −1 , resp. Theorem 3.7. (i ) Normal bundles of the embeddings
with exceptional divisors D 1 and D 2 , resp.;
Proof. The normal bundles of g 1 , g 2 are the restrictions of β i , β ′ j (e.g. see [22] ). The normal bundle of r i−1,j −1 is β i−1 ⊗ β ′ j −1 by Proposition 3.5, (i ). This proves (i ). W.l.g. we prove (i i ) in the case of π 1 . The subvariety
is therefore isomorphic to the hypersurface in P(β i−1 ⊕ C) given by the equation
One readily identifies (16) with (9) by letting z i = [bs 1 : a] (see (12) ) and w j ,j = −s 2 . This proves (i i ).
Remark 3.8. Theorem 3.7 implies that there are two different blow-downs of R i,j (a "flip") with the isomorphic centers. The fiber of π 1 over the point L = (l 1 , . . . ,
The equation (17) has the unique solution up to multiplication by scalars (i.e. the fiber at L is a point) iff L ∈ D 1 , see Lemma 3.6. Otherwise, the fiber is isomorphic to P 1 . In order to compute the cohomology of blow-up, one needs to know the cohomology of the exceptional divisor, which is in turn a projective bundle. 
INTEGRAL
In particular,
Example 4.2. By applying Theorem 4.1 recurrently to the projective fiber bundle BF n = P(β n−1 ⊕ C) → BF n−1 , one obtains the isomorphism of graded rings
, where x 0 := 0, see [6] .
The multiplicative structure is subject to the following relations:
where ω X ∈ H 2k (X; Z) is Poincaré dual to the homology class ι * [Z] ∈ H 2(n−k) (X; Z), and v restricts to c 1 (ζ).
The rational curve R 1,1 is the subsequent dualisation of linear bundles
Observe that c(ν) = 1 + 3t . Hence, by Proposition 4.3, one has Proof. By the assumption and universal coefficients formula, the groups H * (M; Z) have no torsion. For any elements α ∈ H * (M; Z) of degree 2k and 2(n − k − 1), resp., one has the identity is a ring isomorphism.
The dualisation map does not induce epimorphism between cohomology rings, generally speaking. , where x = c 1 (η)) for d > 0. X d is well-known to be the generic hypersurface of degree d in P n . One can check that for odd n and d > 2 the groups H n−1 (X d ; R), H n−1 (X d ; Z) are non-zero. Hence, f * d is not epi in this case. In particular, the non-singular quadric which is the image of the Veronese embedding f 2 : P 1 × P 1 ⊂ P 3 , is in turn the dualisation of η 2 on P 3 . The induced map in cohomology
is clearly not an epimorphism. (The last example was pointed out to me by A. Ayzenberg.) Our next task is to iterate the construction from Lemma 4.9. Let Z 0 ⊂ Z 1 ⊂ · · · ⊂ Z k and D be non-singular closed subvarieties of a non-singular projective variety X, codim C D = 1. Denote the strict transform of the subvarieties Z j and D under the blow-up X = Bl Z 0 X → X along Z 0 by Z j and D, respectively, j = 1, . . . , k. 
where x 0 := 0.
(2) The inclusion r i,j : R i,j → BF i × BF j induces epimorphism in cohomology. One has
where x 0 := 0, y 0 := 0.
Proof. The claims about epi follow from Propositions 3.1, 3.5 and Lemma 4.10. The claims about cohomology isomorphisms follow from Corollary 4.6, Künneth formula and cohomology of P n , BF n (see (19) ).
In order to find the cohomology rings of BR i,j and R i,j using Theorem 4.11, one needs to compute the respective annihilator ideal. This may be done by the computer algebra software (e.g. Macaulay2). Hence, by Theorem 4.11, one has
The last ring is isomorphic to the ring from Example 4.4 by sending x 1 , y 1 , y 2 , x 2 to x 1 , x 1 + v, y 1 , y 2 , resp. A similar computation shows that
Betti numbers.
Consider the Hodge-Deligne polynomial e(X)(u, v) := i,j h i,j (X)u i v j of a quasiprojective complex algebraic variety X [8] . In case of a non-singular projective variety X having only diagonal Hodge numbers, i.e. h i,j (X) = 0 for any i = j , it coincides with the Hirzebruch χ y -genus: e(X)(1, y) = χ y (X) ( [18, §21] , [19, §5.4] ). This is the case of a non-singular projective toric variety X. The χ y -genus is well-known to be multiplicative w. 
(i i i ) For any projective algebraic vector bundle P(ξ) → X, rk ξ = k, one has e(P(ξ))(u, v) = e(P k−1 )(u, v)e(X) (u, v) .
In particular, for any toric Bott tower X n one has e(B)(u, v) = (1 + uv) n . 
Proof. For a non-singular projective toric variety X n one has e(M)(t ) = h P (t ), where P n ⊂ R n is the moment polytope of X n and h P (t ) is the h-polynomial of P n (e.g. see [6] ). Remind that the moment polytope of the Buchstaber-Ray variety BR i,j is combinatorially equivalent to the Cartesian product of a cube with a simplex I i × ∆ j −1 . The h-polynomial is multiplicative w.r.t. the Cartesian product, see [6] . Hence, one obtains the formula (27) from the h-polynomial of a simplex. We prove (28) by the induction on j . In the case of j = 1, by Theorem 3.3, (i i ) one has BR i,1 ≃ Bl BF i −2 BF i−1 × P 1 . Hence, by Corollary 4.14,
which proves the induction basis. Assume that (28) holds for j = j 0 −1. Since BR i,j ≃ Bl BR i −1, j −1 BF i−1 ×P j , for j = j 0 by induction hypothesis one has
which proves the induction step. Now prove (29) by the induction on j . Since R i,j ≃ R j ,i , w.l.g. we let 0 i < j . For j = 1 it follows from (28), since R 1,j ≃ R j ,1 = BR j ,1 . Assume that (29) holds for j = j 0 − 1. By Theorem 3.7, (i i ) one has R i,j ≃ Bl R i −1, j −1 BF i × BF j . Hence, by Corollary 4.14
which proves the induction step.
Finally, prove (30) by the induction on j . Observe that R 2,2 ≃ Bl P 1 (BF 1 × BF 2 ). Therefore,
which proves the induction basis j = 2. Assume that (30) holds for i
which finishes the proof.
AUTOMORPHISM GROUP OF AN ALGEBRAIC VARIETY
In this Section we apply some basic facts from theory of algebraic groups to study algebraic torus actions on algebraic varieties. In particular, we compute the group of automorphisms of Milnor hypersurface H i,j and find the rank (i.e. the dimension of the maximal torus) of Aut H i,j . Although this computation is folklore to several specialists in algebraic geometry, it was not presented in literature. The facts and denotions of algebraic geometry follow [20] , [17] . [10] Let X n be a non-singular projective toric variety. Then Aut X is an algebraic group of rank n. Proposition 5.3. Let X n be a non-singular projective variety s.t. Aut X is an algebraic group of rank k. Assume that an effective action of T r by automorphisms on X n is given. Then: 1) r k and there exists an extension of T r -action to an effective action of T k on X n ; 2) Any two effective T k -actions by automorphisms on X n are conjugate; 3) If X n is toric, then any effective T n -action by automorphisms on X n has a dense open orbit. 
Theorem 5.5. 1) There is the closed immersion Aut H i,j ⊂ Aut(P i × P j ) of groups. In particular, the group Aut H i,j is an algebraic group.
Proof. 1) We extend any automorphism of H i,j to the automorphism of P i × P j . Consider the conormal exact sequence (dual to the normal sequnce, see [17, p.182 
Twist it by O P i ×P j (1, 1) to obtain another exact sequence:
It follows from the cohomological long exact sequence of (31) and H 1 (P i × P j ; O P i ×P j ) = 0 (follows from Künneth's formula and sheaf cohomology of P n ) that (32)
is epimorphism. The Picard group Pic H i,j ≃ H 1 (H i,j ; C × ) is obtained from H * (H i,j ; Z) and the the piece of long exact sequence of the exponential sequence of sheafs (see [18, p. 127, §15.9]):
where Ω is the sheaf of germs of local holomorphic functions on H i,j . Hence,
is torsion-free and generated by the classes of restrictions O P i ×P j (0, 1), O P i ×P j (1, 0) to H i,j . These classes span the cone of effective divisors in Pic H i,j . Any automorphism ϕ ∈ Aut H i,j maps effective divisors to effective. Hence, the abelian group isomorphism ϕ * defines the map on the extreme rays of cone of effective divisors to itself. Due to no torsion in Pic H i,j ((33)), ϕ * : Pic H i,j → Pic H i,j is the well-defined map on the set of generators {O P i ×P j (0, 1), j (1, 1) , therefore ϕ * acts on the sections of O H i , j (1, 1) . We lift ϕ * to ϕ * (acting on the sections of O P i ×P j (1, 1) ) by considering any section of epimorphism (32). The sheaf O P i ×P j (1, 1) yields the Segre embedding (1, 1) ).
We conclude, that ϕ is the restriction to H i,j of a linear automorphism of P i × P j . It also remains to notice that ϕ(H i,j ) = H i,j is an algebraic condition.
2) In the case of i = j , the action of involution on H i,j is well-defined. It remains to compute the elements of PGL i+1 × PGL j +1 descending to automorphisms of H i,j by restriction. Consider an element (
In other words, for the bilinear form
. Then (34) implies Q(Az, B KerQ) = 0 and A = (π(B)) −1 , where π : C j +1 → C i+1 is the standard projection. It remains to observe that det π(B) · (π(B)) −1 has matrix elements -the polynomials in the homogeneous coordinates of P j .
We finish this Section with an example of maximal torus action on H i,j . W.l.g. let 0 i j . Then the effective action of (C × ) j on H i,j is given by the formula (35) (t 1 , . . . , t j ) • (z, w) = ([z 0 : t 1 z 1 : · · · : t i z i ], [w 0 : t −1 1 w 1 : · · · : t −1 j w j ]).
MONODROMY IN THE WEIGHT GRAPH OF A TORUS ACTION
Is this Section we apply the GKM-theory in order to study torus actions. Throughout this Section, we follow [21] .
6.1. Definitions. Let Γ = (V(Γ), E(Γ)) be an (abstract) graph with vertices V(Γ), and directed edges E(Γ) connecting them. The initial and terminal vertices of an edge e ∈ E(Γ) are denoted by i (e), t (e) ∈ V(Γ), resp. We denote the set of non-oriented edges of Γ by NE(Γ). In this paper we consider only connected graphs with no loops. We also denote the edge coming from u to v by E v u . We set e = E i(e) t (e) . By the definition, the set E v (Γ) consists of all edges coming from v in Γ:
We call Γ n-valent, if |E v (Γ)| = n holds for any v ∈ V(Γ), where |X| denotes the cardinality of a finite set X.
Let Γ be n-valent. Consider the character lattice Hom((T k ), T 1 ) ≃ Z k of the k-dimensional compact torus T k = (S 1 ) k . One can think of the character lattice as of the group H 2 (BT k ) of the second cohomology group for the classifying space BT k for T k . Put a label on the edges of Γ by a function α : E(Γ) → H 2 (BT k ). for any v ∈ V(Γ). We call a pair (Γ, α) the (n, k)-type weight graph. If the values of k, n are clear from the context then we call (Γ, α) the weight graph. We call the axial function α r -independent, if for any v ∈ V(Γ) and any different e 1 , . . . , e k ∈ E v (Γ) the vectors α(e 1 ), . . . , α(e r ) are linearly independent. Definition 6.2. Consider a collection ∇ = {∇ e | e ∈ E(Γ)} of bijective maps ∇ e : E i(e) (Γ) → E t (e) (Γ). We call ∇ a connection on the weight graph (Γ, α), if: 1) ∇ e = (∇ e ) −1 ; 2) ∇ e (e) = e; 3) For any e ′ ∈ E i(e) (Γ) there exists an integer c e (e ′ ) ∈ Z s.t.
(36) α(∇ e e ′ ) − α(e ′ ) = c e (e ′ ) · α(e).
Remind a
Remark 6.4. In the definition of a weight graph we don't require the 2-independence condition, i.e. pairwise linear independence of {α(e)| e ∈ E v (Γ)} for any v ∈ V(Γ). Remind that if there exists a connection ∇ on a weight graph (Γ, α) with a 3-independent axial function, then ∇ is unique (e.g. see [16] ). In what follows, we consider weight graphs which are neither 2-, nor 3-independent, therefore, admitting different connections.
In order to study different connections on a given weight graph, we give the following Definition 6.5. Let (Γ, α) be a weight graph. Let e ∈ E(Γ). We say that (Γ, α) is definite at e if the affine lines
are pairwise different in the affine space A k R . Otherwise, we call (Γ, α) non-definite at e. We also call e (non-)definite if (Γ, α) is (non-)definite at e and (Γ, α) is clear from context, resp. If (Γ, α) is definite at any edge, then we say that (Γ, α) is definite.
The notion of definiteness of an edge e is independent of an orientation of e (therefore is well-defined) due to the following simple Hence, (Γ, α) is definite at e. The map ∇ e matches the coinciding pairs of affine line at i (e) and at t (e). Hence, the uniqueness of ∇ e follows from the definiteness of e. Remark 6.7. Observe that the notion of a definite weight graph gives a possible generalisation of the GKM-manifold with the 3-independent axial function, since it admits the unique connection.
Next, we compute the number of all connections on a given weight graph. For any v ∈ V(Γ) fix an effective action of symmetric group Σ n : E v (Γ). For any e ∈ E(Γ), the set
is the subgroup of the permutation group Σ n . There is the natural action σ e (α) : E i(e) (Γ). Decompose E v (Γ) = I e,1 ⊔ · · · ⊔ I e,s(e) by the orbits of this σ e (α)-action, r = 1, . . . , s(e). These are nothing other than the maximal subsets consisting of e ′ ∈ E i(e) (Γ) having the equal affine lines α(σ(e ′ )) + R〈α(e)〉.
Let Σ(I) ⊂ Σ n be the group of permutations of elements I ⊆ E v (Γ). It has order |I|!. It is straight-forward to deduce the following Definition 6.10. For an edge path γ = (e 1 , . . . , e r ) in Γ denote its origin and end by i (γ), t (γ). Then the connection ∇ defines the parallel transport map Π γ : E i(γ) (Γ) → E t (γ) (Γ) by the formula Π γ (e) := ∇ e k • · · · • ∇ e 1 e for any edge e ∈ E i(γ) (Γ). In case of i (γ) = t (γ), we call Π γ the monodromy map at i (γ) along γ.
We generalise the notion of a face of a weight graph to the case of non-valent subgraph in the following two definitions. Definition 6.11. Let Γ ′ be a connected subgraph of Γ. We call an edge e ∈ E(Γ), where i (e) ∈ V(Γ ′ ), internal for Γ ′ in Γ, if t (e) ∈ V(Γ ′ ). Otherwise, we call the edge e external to Γ ′ . Definition 6.12. Let Γ be a connected n-valent graph endowed with a connection ∇. We call a connected subgraph Γ ′ ⊂ Γ invariant under ∇, if for any edge e ∈ E(Γ ′ ) and for any internal edge e ′ ∈ E i(e) (Γ) for Γ ′ , the edge ∇ e e ′ ∈ E t (e) (Γ) is internal for Γ ′ . Remark 6.13. Any face Γ ′ ⊆ Γ is invariant under ∇ in sense of Definition 6.12. This Definition may be equivalently reformulated in terms of external edges. Notice, that an internal edge for Γ ′ may not belong to E(Γ ′ ). In particular, an invariant subgraph may have vertices of different valence. Finally, we remark that for any edge path γ in the invariant subgraph Γ ′ , i (γ) ∈ V(Γ ′ ), if an edge e ∈ E i(γ) (Γ) is internal (external, resp.) to Γ ′ , then Π γ (e) is internal (external, resp.) to Γ ′ in Γ. Example 6.14. Consider the weight graph (Γ, α) of P 2 . It admits the unique connection ∇, as explained in the Subsection 6.2. The subgraph Γ ′ = (E 1 0 , E 2 1 ) is invariant in Γ w.r.t. ∇, see Fig. 1 .
Connections on the weight graph of a manifold with torus action.
We remind the construction of a weight graph with a connection from a manifold equipped with a torus action. Our assumptions on the action are as follows. Consider an effective action of the algebraic torus T k ≃ (C × ) k by biholomorphic maps on a compact complex manifold X n with isolated fixed points. We assume that the stratum X 1 of 1-orbits of this action on X n is a manifold.
Denote by X T k the fixed point set of the respective action. The structure of the weight graph of this action is given by the following standard Proposition 6.15. Let k 2. Then the set of all invariant 2-dimensional spheres of X n is finite. For any x ∈ X T k there are exactly n different invariant 2-dimensional spheres of X n containing x.
Assume that the algebraic tori acting on X n are equivariantly embedded, namely T r ⊆ T k , s.t. the T r -action has only isolated fixed points and the stratum of 1-orbits of this action on X n is a manifold. Remark 6.16. Any invariant submanifold w.r.t. T k is invariant w.r.t. T r . The opposite is false. For example, the Milnor hypersurface H i,j is invariant w.r.t. subtorus T max{i,j } ⊂ T i+ j acting on P i × P j , and is not invariant w.r.t.
T i+ j , see (35). Proposition 6.17. Let r 2. Then X T r = X T k . Moreover, the sets of invariant 2-dimensional spheres on X n for the tori T r and T k coincide.
Proof. Any invariant submanifold of X n under T k is invariant under T r . Hence, X T k ⊆ X T r . It remains to observe that |X T r |, |X T k | are equal to the Euler characteristic χ(X) of X n .
For any x ∈ X T r there are n different invariant spheres under T k -action, hence, invariant under T r -action. Due to Proposition 6.15, these are all invariant 2-spheres of T r on X n , containing x. Now we briefly remind how to assign a weight graph Γ = (V(Γ), E(Γ)), an axial function α and a connection ∇ on it to a manifold X n with an algebraic torus action T k , as above (e.g., see [21] ). We set V(Γ) := X T k . As it was explained above, the 2-dimensional invariant skeleton of X n consists of 2-dimensional spheres connecting fixed points of X n . Any such sphere contains exactly 2 fixed points of X n . Hence, it may be regarded as the edge e connecting the fixed points, constituting the set E(Γ). Γ has no loops, since the induced action of (C × ) on S 2 i is the standard action on P 1 with exactly two different fixed points. Γ is n-valent due to Proposition 6.15.
Choose an invariant sphere S 2 e , i (e) = x, t (e) = y. The induced representation of T k on the complex space T x X n for a fixed point x ∈ X T k decomposes into sum of linear representations of the form V(α(e ′ )) with weights α(e ′ ) ∈ H 2 (BT k ), e ′ ∈ E x (Γ):
The axial function α on Γ is therefore defined by assigning e → α(e), e ∈ E(Γ). Any complex vector bundle over the 2-dimensional sphere splits. Hence, there exists a splitting (TX n )| S 2 e = n j =1 ξ j into complex linear bundles ξ j over S 2 e . Since ξ j is T k -equivariant, we can choose an identification ξ j ≃ V(α(e ′ )) s.t.
We let ∇ e e ′ := e ′′ . One can check that the collection ∇ e defines a connection on the weight graph (Γ, α). Remark 6.18. It has to be stressed that there is no canonical choice of a connection on a weight graph of a T k -action on a complex variety, generally speaking. 6.3. The connection on the weight graph of a non-singular projective toric variety. Let X n be a non-singular projective toric variety of dimension n 3. Let (Γ, α, ∇) be the corresponding GKM-graph of X n . It may be readily computed from the moment polytope of X n (see [6] ). Indeed, Γ is the edge graph of the simple moment polytope P n ⊂ R n of X n . The weights of the torus action at a fixed point x ∈ X n are given by the vectors along the edges of P n coming from the vertex v ∈ P (corresponding to the fixed point x ∈ X n ). The corresponding axial function α is n-independent. This implies that the weight graph (Γ, α) of X n admits the unique connection.
The set of all faces of Γ in the case of a non-singular projective toric variety is given by the following Another important (although straight-forward to check) properties of edge graphs of convex polytopes are given by the following Lemma 6.20. Let P n ⊂ R n a convex polytope. Let G ⊆ P be a face of the polytope P. If u, v ∈ V(G) are connected by an edge e ⊆ P, then e ⊆ G. In particular, any r -face of the edge graph Γ of P n is uniquely determined by its vertices. Lemma 6.21. Let P n ⊂ R n a convex polytope. Then for any 3-dimensional face G ⊆ P the edge graph of G is planar.
Next Proposition shows that the connection of a projective non-singular toric variety acts trivially on external edges. Proposition 6.22. Let Γ ′ be a k-face of the weight graph Γ of a projective non-singular toric variety. Let γ be an edge path in Γ ′ . Then
Moreover, if i (γ) = t (γ), then the (well-defined) restriction of the monodromy map Π γ acts identically on
Proof. By Lemma 6.19, for any e ∈ E(Γ) there exists the unique (n−1)-face Γ(e) ⊂ Γ s.t. i (e) ∈ V(Γ(e)) and e ∈ E(Γ(e)).
. Then there exists the unique edge e ′ ∈ E t (γ) (Γ)\E t (γ) (Γ ′ ) s.t. Γ(e) = Γ(e ′ ). Due to invariance of Γ(e), we conclude that Π γ (e) = e ′ . In particular, if i (γ) = t (γ), then e ′ = e. This finishes the proof.
. Choose pairwise different edges e 1 , . . . , e k ∈ E v (Γ ′ ) and consider the k-face G ⊂ Γ contining them (Lemma 6.19). Due to the invariance and connectivity of Γ ′′ , one has Γ ′′ ⊆ G. By Lemma 6.20, Γ ′ ⊆ G. Then the k-valence implies Γ ′ = G. The uniqueness of Γ ′ now follows from V(Γ ′′ ) = V(Γ ′ ) and Lemma 6.20.
Let (C × ) k ≃ T k ⊂ T n be any algebraic subtorus s.t. the respective (C × ) k -action on X n satisfies the assumptions of Subsection 6.2. It defines the axial function α ′ on Γ. Let ∇ ′ be a connection on (Γ, α ′ ). One can detect a face Γ ′ ⊂ Γ w.r.t. ∇ knowing only (Γ, α ′ , ∇ ′ ), by using Theorem 6.23. 7. APPLICATIONS 7.1. Generalised Buchstaber-Ray manifolds BR i,j . In order to proceed, we introduce some combinatorial denotation describing the fixed points of BF n (and BR i,j ). Any fixed point of BF n under the action (6) has the form of a tuple of lines (C i 1 , . . . , C i n ) in C n+1 , where C i k+1 ∈ {C i k , C k+1 }. We denote this tuple by C u , where u = (u 1 , . . . , u n ) ∈ F n 2 has u k = 0 if C i k+1 = C i k , and u k = 1 if C i k+1 = C k+1 . Here F n 2 = {0, 1} n denotes the n-dimensional vector space over F 2 = {0, 1}.
One recovers the tuple of lines from u ∈ {0, 1} n in the following way. Let a k (u) = max {0, r | u r = 1, r = 1, . . . , k} and define b k (u) uniquely from the condition
Using induction on k, one can easily prove the following Lemma 7.1. 1) C u = (C a 1 (u) , . . . , C a n (u) );
Consider an open subset U u ⊂ BF n given by the conditions β k = C a r (u) , k = 1, . . . , n, or equivalently by z k,a k (u) = 0, k = 1, . . . , n.
U u is easily seen to be an equivariant affine chart of BF n containing x u . Indeed, for the tuple z = (z 1 , . . . , z n ) ∈ U u of homogeneous coordinates of BF n rewrite z k as Proof. Follows by the induction on n from the equations (5) .
We move towards the description of a torus action on BR i,j in the case i j 0. The complex action of (C × ) i on the hypersurface BR i,j ⊂ BF i × P j given by (7) (i j 0) is uniquely defined from the formula
, due to the relations on the homogeneous coordinates on BF i (5) . The action (41) is the restriction of the subtorus of the natural torus action (C × ) i × (C × ) j : (BF i × P j ) to BR i,j . Hence, the fixed point set of BR i,j is the subset of fixed points of BF i × P j . The fixed points of BR i,j are x u,k := (C u , C k ) for any u ∈ F i 2 , k = 0, . . . , j , a i (u) = k + i − j . Proposition 7.3. (i ) BR i,j is a toric variety over the product I i × ∆ j −1 for 0 i j ; (i i ) BR n+1,0 ≃ BF n is a Bott tower. In particular, BR n+1,0 is a toric variety over the combinatorial n-cube;
(i i i ) BR n,1 is a toric variety over the combinatorial 2-truncation of the n-cube.
Proof. For the proof of (i ) see [3] or [6, p.350 ]. (i i ) follows from the Definition 2.2. We prove (i i i ) by first observing that BR n,1 ≃ Bl BR n−1 ,0 BF n−1 × P 1 (Theorem 3.3 (i i )), where the blow-up center BR n−1,0 ⊂ BF n−1 × P 1 is given by the equations z n−1,n−1 = w 1 = 0. This subvariety is invariant under the action (41). Hence, the blow-up Bl BR n−1 ,0 BF n−1 × P 1 is equivariant, in particular, it is a toric variety.
The invariant 2-spheres meeting at x u,k ∈ BR i,j are:
Weight e b q (u) − e a q (u) .
Here 1 q stands for the vector from F i 2 having all zero coordinates besides q-th coordinate equal to 1. Remark 7.4. BR 3,2 has 2-dependent weights at fixed points. In particular, some of these weights at the fixed point coincide. For example, the weights of BR 3,2 at some fixed points are given below:
• x 111,0 : (1, −1, 0), (−1, 0, 0), (1, −1, 0), (0, 1, −1); • x 111,1 : (−1, 0, 0), (1, −1, 0), (0, 1, −1), (−1, 1, 0); • x 101,0 : (1, −1, 0), (−1, 0, 0), (−1, 1, 0), (1, 0, −1); • x 101,1 : (−1, 0, 0), (−1, 1, 0), (1, 0, −1), (−1, 1, 0);.
Consider a connection ∇ induced by the action (41) on the edge graph Γ = Γ(BR i,j ). A complete computation of ∇ is rather involved. We give only the necessary values of ∇ along some edges of Γ below. 
where a = k, r , q = k + (i − j ), r + (i − j ). In particular, the edge E Here we use the identity b q+(i− j ) (u) = q + (i − j ), q = 0, . . . , j . γ k = (E 0,k+1 0,k , E 0,k+2 0,k+1 , E 0,k 0,k+2 ), in Γ, where k = 0, . . . , j − 2. It is a 2-face of Γ, due to Proposition 7.5. We move the edge E 1 k+1+(i − j ) ,k 0,k along the edges of γ k (using Proposition 7.5):
. But this contradicts Proposition 6.22. 7.2. Manifolds R i,j . W.l.g. let i j 0. The complex action of (C × ) i on the hypersurface R i,j ⊂ BF i × BF j given by (7) is uniquely defined from the formula
, due to the equations (5) on the coordinates on BF i . The action (43) is the restriction of the subtorus of the natural torus action (C × ) i × (C × ) j : (BF i × BF j ) to R i,j . Hence, the fixed point set of R i,j is the subset of fixed points of
Corollary 7.6. (i ) R 0,n+1 is a Bott tower. In particular, R 0,n+1 is a toric variety over the combinatorial n-cube; (i i ) R 1,n is a toric variety over the combinatorial 2-truncation of the n-cube;
Proof. Follows from Proposition 7.3 and R 0,n+1 = BR 0,n+1 , R 1,n = BR 1,n .
The invariant 2-spheres meeting at x u,v ∈ R i,j are:
. Weight e b r (u) − e a r (u) ;
• If a i (u) ∈ a j (v + 1 a j (v) ) + (i − j ), a j (v) + (i − j ), . . . , i and a j (v) + (i − j ) ∈ a i (u + 1 a i (u) ), a i (u), . . . , i :
Weight e a j (v )+(i− j ) − e a i (u) .
Here 1 q ∈ F i 2 , 1 r ∈ F j 2 by abuse of the notation stand for the vectors having all zero coordinates besides q-th (r -th, resp) coordinate equal to 1.
Remark 7.7. The condition from the third case above ("castling") means that the numbers a i (u), a j (v) + (i − j ) are in the sets of values of the functions f (q) := a j (v +1 q )+(i − j ), g (r ) := a i (u +1 r ), resp., where q = 1, . . . , i ; r = 1, . . . , j . The number of the weights from previous two cases is i + j −2, provided that this condition holds. Hence, we obtain
Consider a connection ∇ induced by the action (43) on the edge graph Γ = Γ(R i,j ). A complete computation of ∇ is even more complicated than in the case of BR i,j , so we avoid it.
Before proving Theorem 1.2, we explain the idea behind the proof. In case of i = j = 2, the graph of R 2,2 is shown to be non-planar, which is not the case for a non-singular projective toric 3-fold. In case of i > j 2, assume that R i,j is a toric variety. Consider the subvariety X 3 = {z i,0 = · · · = z i,i−2 = 0, w j ,0 = · · · = w j ,j −2 = 0} ⊂ R i,j .
By the definition, X 3 ≃ R 2,2 is invariant under the action (43). Moreover, this action induces the effective action (43) of (C × ) 2 on R 2,2 . Denote the subgraph of Γ spanned by fixed points of X 3 by Γ ′ . We deduce that Γ ′ is a 3-face of Γ, under the assumption that R i,j is toric. This assumption implies that the weight graph of R i,j admits the connection ∇ with special properties, see Subsection 6.3. Observe that the subgraph of definite edges in Γ ′ has two connected components (see Fig. 2 ). We use the trivial monodromy property (Proposition 6.22) to determine the values of ∇ at an edge of Γ ′ s.t. the subgraph of definite edges in Γ ′ becomes connected. Hence, Theorem 6.23 is applicable and Γ ′ as a 3-face of Γ. However, this 3-face is not planar, contradicting Lemma 6.21.
We compute the weight graph Γ(R 2,2 ) of R 2,2 and describe possible values of any connection on it (see Proposition 6.9). ;
The only non-definite edges of Γ(R 2,2 ) are E 00,10 00,11 , E 01,10 00,10 , E 10,00 10,01 and E 11,00 10,00 (see Fig. 2 ). There are exactly 16 different connections on Γ(R 2,2 ). Remark 7.9. The weight graph Γ(R 2,2 ) has 10 vertices. Only two of them have 2-dependent weights: x 01,00 , x 00,01 , see Proposition 7.8. We compute the weights of the action (43) at x 01,00 explicitly. The invariant coordinate chart U 01,00 ⊂ BF 2 × BF 2 has coordinates z 1,1 z 0,0 , z 2,0 z 2,2 , w 1,1 w 1,0 , w 2,2 w 2,0 , by Lemma 7.2. Consequently, the weights of the action (43) are e 1 , −e 2 , −e 1 , −e 2 . Observe that the hypersurface equation (9) is multiplied by t −1 2 in the chart U 01,00 ∩R 2,2 under the action (43). Hence, the weight −e 2 corresponds to the normal fiber bundle to R 2,2 in T x 01,00 (BF 2 × BF 2 ). Omitting −e 2 , we obtain the weights e 1 , −e 2 , −e 1 of R 2,2 at x 01,00 .
Observe that the fixed points x u,v ∈ X 3 ⊆ R i,j under the action (43) have parameters u, v of the form (1, . . . , 1, * , * ) and (1, . . . , 1, * , * ), resp. Let α ′ = (1, . . . , 1, 0, 0, 0) ∈ F i 2 , α = (1, . . . , 1, 0, 0) ∈ F i 2 , β = (1, . . . , 1, 0, 0) ∈ F j 2 . We give values of ∇ along only the necessary edges of Γ below. Proposition 7.10. Let i > j 2. Then for any connection ∇ on the weight graph of R i,j one has:
FIG. 2. Weight graph of R 2,2
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where a i −3 and b = j −2, j . The values of ∇ in {E . 3 . Subgraph Γ ′ of Γ(R i,j ) (elimination of non-definiteness at dashed edges using edge paths)
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